
1 

Theory of Numbers  

Grzegorz Hoppe 

 

 

 

 

 

 

 

 

 

 

          The presented Numbers Theory is based on the basic theorem of arithmetic, that any number that is not 

a prime number or number 1, can be represented by the product of prime numbers. The most important 

assumption of the theory is the division of all natural numbers into the original and separable subsets, 

according to the divisibility of numbers. In this way, the following subsets have been extracted: 

a) N2 – set of numbers divisible by number 2,  

b) N3 – set of numbers divisible by number 3 and at the same time indivisible by number 2, 

c) N5 – set of numbers divisible by number 5 and at the same time indivisible by numbers 2 or 3, 

d) N7 – set of numbers divisible by number 7 and at the same time indivisible by numbers 2, 3 or 5,  

e) [P ᴜ Q] - set of all numbers indivisible by the numbers 2,3,5 or 7 and primary number 1, 

f) Set of primary dividers: {2,3,5,7}. 

The Numbers Theory assumes the theory about the origin of all natural numbers: 
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𝑻𝒉𝒆 𝑻𝒉𝒆𝒐𝒓𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒐𝒇 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔  

 𝒃𝒂𝒔𝒆𝒅 𝒐𝒏 𝒕𝒉𝒆 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒏𝒖𝒎𝒃𝒆𝒓|𝒔𝒆𝒕 {𝟏}: 

 

    

{𝟏} → (𝟏 + 𝟏) = {𝟐} − 𝒏𝒖𝒎𝒃𝒆𝒓 𝟐 − 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒅𝒊𝒗𝒊𝒅𝒆𝒓  

{𝟐} → {𝟐𝒏} − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 𝒂𝒏𝒅 𝒏𝒖𝒎𝒃𝒆𝒓 𝟐 

 

({𝟐𝒏} + {𝟐}) → {𝟐(𝒏 + 𝟏)} − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 

 

 

 

  

(𝟏 + 𝟐) = {𝟑} − 𝒏𝒖𝒎𝒃𝒆𝒓 𝟑 − 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒅𝒊𝒗𝒊𝒅𝒆𝒓 

{𝟑} → {𝟑𝒏} − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑 

 

 

(𝟐 + 𝟑) = {𝟓} − 𝒏𝒖𝒎𝒃𝒆𝒓 𝟓 − 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒅𝒊𝒗𝒊𝒅𝒆𝒓 

{𝟓} → {𝟓𝒏} − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟓 

 

(𝟐 + 𝟓) = {𝟕} − 𝒏𝒖𝒎𝒃𝒆𝒓 𝟕 − 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒅𝒊𝒗𝒊𝒅𝒆𝒓 

{𝟕} → {𝟕𝒏} − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟕 

 

 

 ({𝟑} ∗ {𝟐𝒏}) → {𝟔𝒏} − 𝒔𝒆𝒕 𝒐𝒇 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟔  
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({𝟔𝒏} + {𝟑}) → {𝟔𝒏 + 𝟑}  = {𝟑(𝟐𝒏 + 𝟏)} 

 

𝒄𝒂𝒖𝒔𝒆:  

∀𝒏, 𝒎 ∈ 𝑵: (𝟐𝒏 + 𝟏)  ≠ 𝟐𝒎 

{𝟔𝒏 + 𝟑} − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑  

𝒂𝒏𝒅 𝒂𝒕 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒕𝒊𝒎𝒆 𝒅𝒐𝒏′𝒕 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 

 

 

 

({𝟓} + {𝟔𝒏}) → {𝟔(𝒏 + 𝟏) − 𝟏} 

({𝟕} + {𝟔𝒏}) → {𝟔(𝒏 + 𝟏) + 𝟏} 

{𝟔(𝒏 + 𝟏) − 𝟏} ∪ {𝟔(𝒏 + 𝟏) + 𝟏} = {𝟔(𝒏 + 𝟏) ± 𝟏} 

𝒄𝒂𝒖𝒔𝒆: 

∀𝒏, 𝒎 ∈ 𝑵: (𝟐 ∗ 𝟑𝒏 ± 𝟏) ≠ 𝟐𝒎 𝒐𝒓 𝟑𝒎  

𝒕𝒉𝒆𝒏: 

{𝟔(𝒏 + 𝟏) ± 𝟏} −  𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒃𝒊𝒈𝒈𝒆𝒓 𝒕𝒉𝒆𝒏 𝟏𝟎, 

𝒅𝒐𝒏′𝒕 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 𝒐𝒓 𝟑 

 

 

𝒄𝒂𝒖𝒔𝒆: 

𝑨𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒃𝒊𝒈𝒈𝒆𝒓 𝒕𝒉𝒆𝒏 𝒏𝒖𝒎𝒃𝒆𝒓 𝟏𝟎:  

𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐  

𝒐𝒓 

 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑  

 𝒐𝒓  

𝒊𝒔 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 𝒐𝒓 𝟑 
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𝒕𝒉𝒆𝒏 ∶ 

𝑵 = [{𝟏, 𝟐, 𝟑, 𝟓, 𝟕} ∪ [⋃ 𝟐(𝒏

𝒏∈𝑵

+ 𝟏)] ∪ [⋃ 𝟑(𝟐𝒏

𝒏∈𝑵

+ 𝟏)] ∪ [ ⋃ 𝟔𝒏 ± 𝟏

𝒏>𝟏∈𝑵

]] 

𝑺𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝑵 𝒄𝒐𝒏𝒕𝒆𝒊𝒏𝒔 𝟒 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒔𝒆𝒑𝒂𝒓𝒂𝒃𝒍𝒆 𝒔𝒖𝒃𝒔𝒆𝒕𝒔.  

 

𝒂𝒏𝒅: 

𝑵 = [{𝟏} ∪ [ ⋃ 𝟐(𝒏

𝒏∈𝑵{𝟎}

+ 𝟏)] ∪ [ ⋃ 𝟑(𝟐𝒏

𝒏∈𝑵{𝟎}

+ 𝟏)] ∪ [⋃ 𝟔𝒏 ± 𝟏

𝒏∈𝑵

]] 

 

 

 

 

Based on the Theorem of origin of natural numbers: 

N – set of all Natural Numbers 

𝑵 = [{𝟏, 𝟐, 𝟑, 𝟓, 𝟕} ∪ [⋃ 𝟐(𝒏

𝒏∈𝑵

+ 𝟏)] ∪ [⋃ 𝟑(𝟐𝒏

𝒏∈𝑵

+ 𝟏)] ∪ [ ⋃ 𝟔𝒏 ± 𝟏

𝒏>𝟏∈𝑵

]] 

 

 

   

𝑵𝟐 = [⋃ 𝟐(𝒏

𝒏∈𝑵

+ 𝟏)] 

N2 - set of all natural numbers divisible by number 2 
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𝑵𝟑 = [ ⋃ 𝟑(𝟐𝒏

𝒏∈𝑵{𝟎}

+ 𝟏)] 

 

N3 - set of all natural numbers divisible by number 3 and at the same time don’t divisible by number 2 

 

[ ⋃ 𝟔𝒏 ± 𝟏

𝒏>𝟏∈𝑵

] − 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒃𝒊𝒈𝒈𝒆𝒓 𝒕𝒉𝒆𝒏 𝟏𝟎 𝒅𝒐𝒏′𝒕 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 𝒐𝒓 𝟑 

 

 

Based on the basic theorem of arithmetic: 

∀𝒂 ∈ 𝑵:        

 𝒂 = 𝟐𝒏 ∗ 𝟑𝒎 ∗ 𝟓𝒔 ∗ 𝟕𝒕 ∗ 𝒒     

𝒏, 𝒎, 𝒔, 𝒕 ∈ 𝑵{𝟎};  𝒒 ∈ 𝑸; 

𝑸 = 𝑵\[{𝟐𝒏} ∪ {𝟑𝒏} ∪ {𝟓𝒏} ∪ {𝟕𝒏}]  

 

 

 

Based on (1.5.): 

∀𝒂 ∈ 𝑵:        

𝟐𝒂 = 𝟐𝒏 ∗ 𝟑𝒎 ∗ 𝟓𝒔 ∗ 𝟕𝒕 ∗ 𝒒 ;       𝒏 ∈ 𝑵;  𝒎, 𝒔, 𝒕 ∈ 𝑵{𝟎};  𝒒 ∈ 𝑸 

𝟑(𝟐𝒂 + 𝟏) = 𝟑𝒎 ∗ 𝟓𝒔 ∗ 𝟕𝒕 ∗ 𝒒 ;    𝒎 ∈ 𝑵;  𝒔, 𝒕 ∈ 𝑵{𝟎};  𝒒 ∈ 𝑸 
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Based on (1.2.), (1.3.) and (1.6.) let: 

𝑵𝟐 = [⋃ 𝟐(𝒏

𝒏∈𝑵

+ 𝟏)] = [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟓𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟕𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝒒

𝒒∈𝑸

] 

 

𝑵𝟑 = [⋃ 𝟑(𝟐𝒏

𝒏∈𝑵

+ 𝟏)] = [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝟓𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟕𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝒒

𝒒∈𝑸

] 

 

 

Based on argument (1.4.): 

[ ⋃ 𝟔𝒏 ± 𝟏

𝒏>𝟏∈𝑵

] =  [ ⋃ 𝒃(𝟔𝒏 ± 𝟏)

𝒏>𝟏∈𝑵;           𝒃 ∈(𝑷 ∪ {𝟏});𝒂𝒏𝒅 𝒃=𝟏 𝒊𝒇 (𝟔𝒏±𝟏)∈𝑷

] 

Then: 

𝒇𝒐𝒓 𝒃 = 𝟏 

(𝟔𝒂 ± 𝟏) = 𝒑;     𝒑 ∈ 𝑷\{𝟐, 𝟑, 𝟓, 𝟕}    

 

𝒇𝒐𝒓 𝒃 = 𝟓 

𝟓(𝟔𝒏 ± 𝟏) = (𝟑𝟎𝒏 ± 𝟓) = [(𝟔(𝟓𝒏 − 𝟏) + 𝟏) ∪ (𝟔(𝟓𝒏 + 𝟏) − 𝟏)] = 

= 𝟓𝒔 ∗ 𝟕𝒕 ∗ 𝒒 ;    𝒔 ∈ 𝑵;  𝒕 ∈ 𝑵{𝟎};  𝒒 ∈ 𝑸 

 

𝒇𝒐𝒓 𝒃 = 𝟕 

𝟕(𝟔𝒏 ± 𝟏) = (𝟒𝟐𝒏 ± 𝟕) = [(𝟔(𝟕𝒏 + 𝟏) + 𝟏) ∪ (𝟔(𝟕𝒏 − 𝟏) − 𝟏)] = 

= 𝟓𝒔 ∗ 𝟕𝒕 ∗ 𝒒 ; 𝒔 ∈ 𝑵{𝟎};   𝒕 ∈ 𝑵;  𝒒 ∈ 𝑸 

 

𝒇𝒐𝒓 𝒃 ∈ 𝑷\{𝟐, 𝟑, 𝟓, 𝟕}    

𝒃(𝟔𝒂 ± 𝟏) = 𝒒;     𝒒 ∈ [𝑸\𝑷]    
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Based on (1.8.):  

𝑵𝟓 = [⋃(𝟑𝟎𝒏

𝒏∈𝑵

± {𝟓}) ] = [⋃ 𝟓𝒏

𝒏∈𝑵

] × [ ⋃ 𝟕𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝒒

𝒒∈𝑸

] 

N5 is a set of numbers divisible by number 5 and at the same time don’t divisible by numbers 2 or 3 

 

 

Based on (1.8.): 

𝑵𝟕 = [⋃ 𝟕𝒏

𝒏∈𝑵

] × [⋃ 𝒒

𝒒∈𝑸

] 

𝑵𝟕 = [⋃(𝟒𝟐𝒏

𝒏∈𝑵

± {𝟕}) ] \ [⋃(𝟑𝟎𝒏

𝒏∈𝑵

± {𝟓}) ] 

N7 is a set of numbers divisible by number 7 and at the same time don’t divisible by numbers 2, 3 or 5 

 

(About unique of numbers) 

Cause number {1} belongs to set Q and (P{1}\{2,3,5,7})  Q, 

then: 

𝑵 = [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟓𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟕𝒏

𝒏∈𝑵{𝟎}

] ∪ 

 

∪ [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟓𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟕𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈(𝑷\{𝟐,𝟑,𝟓,𝟕})

] ∪ 

 

∪ [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟓𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝟕𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒒

𝒒∈(𝑸\𝑷\{𝟏}) 

] 
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Based on (1.8.): 

𝑷  [{𝟐, 𝟑, 𝟓, 𝟕} ∪ [ ⋃ 𝟔𝒏 ± 𝟏

𝒏>𝟏∈𝑵

]] 

 

(About Prime Numbers) 

 

𝑺𝒆𝒕 𝒐𝒇 𝑷𝒓𝒊𝒎𝒆 𝑵𝒖𝒎𝒃𝒆𝒓𝒔 𝒊𝒔 𝒓𝒆𝒂𝒍𝒚 𝒂 𝒔𝒖𝒎 𝒐𝒇𝒔𝒆𝒕 𝒐𝒇 𝒑𝒓𝒊𝒎𝒂𝒓𝒚 𝒅𝒊𝒗𝒊𝒅𝒆𝒓𝒔 𝒂𝒏𝒅  

𝒔𝒆𝒕 𝒐𝒇 𝑶𝒅𝒆𝒓𝒆𝒅 𝑷𝒓𝒊𝒎𝒆 𝑵𝒖𝒎𝒃𝒆𝒓𝒔 𝒘𝒊𝒕𝒉𝒐𝒖𝒕 𝒏𝒖𝒎𝒃𝒆𝒓 𝟏.  

𝑺𝒆𝒕 𝒐𝒇 𝑶𝒓𝒅𝒆𝒓𝒆𝒅 𝑷𝒓𝒊𝒎𝒆 𝑵𝒖𝒎𝒃𝒆𝒓𝒔 = [𝑷{𝟐,𝟑,𝟓,𝟕} ∪ {𝟏}] 𝒂𝒏𝒅: 

 

𝑷\{𝟐,𝟑,𝟓,𝟕} = [{𝟔} × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏]  ∪  

∪  [{𝟔 ∗ 𝟓} × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 

∪  [{𝟔 ∗ 𝟕} × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 

∪ [{𝟔} × [ ⋃ 𝟐𝟐𝒏+𝟏

𝒏∈𝑵{𝟎}\{𝟏}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏]  ∪  

∪ [{𝟔} × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏]  ∪  

∪ [{𝟔} × [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏] 
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Cause (1.12.) and (1.9.), (1.10.): 

𝒇𝒊𝒓𝒔𝒕 𝒘𝒆 𝒄𝒉𝒆𝒄𝒌 𝒘𝒉𝒆𝒏 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒊𝒏 𝒇𝒐𝒓𝒎 (𝟔𝒏 ± 𝟏)  

𝒂𝒓𝒆 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟓 𝒐𝒓 𝟕 

𝒃𝒚 𝟓 

(𝟔𝒏 ± 𝟏) ≠ 𝟓(𝟔𝒎 ± 𝟏) → 𝟔𝒏 ≠ 𝟑𝟎𝒎 ± 𝟓 ± 𝟏 

𝟔𝒏 ≠ (𝟑𝟎𝒎 ± 𝟓 ± 𝟏) → 𝒏 ≠ 𝟓𝒎 + [(±𝟓 ± 𝟏) ∗
𝟏

𝟔
] 

 

𝒕𝒉𝒆𝒏: 

 𝒇𝒐𝒓 (𝟔𝒏 − 𝟏) 

 𝒏 ≠ 𝟓𝒎 + 𝟏; 𝒎 ∈ 𝑵 

𝒇𝒐𝒓 (𝟔𝒏 + 𝟏) 

𝒏 ≠ 𝟓𝒎 − 𝟏; 𝒎 ∈ 𝑵 

 

𝒃𝒚 𝟕 

(𝟔𝒏 ± 𝟏) ≠ 𝟕(𝟔𝒎 ± 𝟏) → 𝟔𝒏 ≠ 𝟒𝟐𝒎 ± 𝟕 ± 𝟏 

𝟔𝒏 ≠ (𝟒𝟐𝒎 ± 𝟕 ± 𝟏) → 𝒏 ≠ 𝟕𝒎 + [(±𝟕 ± 𝟏) ∗
𝟏

𝟔
] 

 

𝒕𝒉𝒆𝒏: 

𝒇𝒐𝒓 (𝟔𝒏 + 𝟏) 

𝒏 ≠ 𝟕𝒎 + 𝟏 ; 𝒎 ∈ 𝑵 

𝒇𝒐𝒓 (𝟔𝒏 − 𝟏): 

𝒏 ≠ 𝟕𝒎 − 𝟏; 𝒎 ∈ 𝑵 
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Then: 

 based on (1.12.): 

𝑷 [{𝟐, 𝟑} ∪ [ ⋃ (𝟔𝒏 + 𝟏)

(𝒏≠𝟕𝒎+𝟏 ;𝒏 ≠𝟓𝒎−𝟏);𝒏,𝒎∈𝑵

] ∪ [ ⋃ (𝟔𝒏 − 𝟏)

(𝒏≠𝟕𝒎−𝟏 ;𝒏 ≠𝟓𝒎+𝟏);𝒏,𝒎∈𝑵

]] 

 

 

Let: 

𝑸 = 𝑵\[{𝟐𝒏} ∪ {𝟑𝒏} ∪ {𝟓𝒏} ∪ {𝟕𝒏}] 

Then: 

𝑸 = ⋃[(𝑷{𝟐,𝟑,𝟓,𝟕} ∪ {𝟏}) × (𝑷{𝟐,𝟑,𝟓,𝟕} ∪ {𝟏})] 𝒏

𝒏∈𝑵

   

 

 

Based on (1.14.): 

(𝑷{𝟏}\{𝟐,𝟑,𝟓,𝟕} × 𝑷{𝟏}\{𝟐,𝟑,𝟓,𝟕})
𝟏  [{𝟏} ∪ [ ⋃ (𝟔𝒏 ± 𝟏

𝒏>𝟏 ∈𝑵

)] ∪ [ ⋃ (𝟔(𝟔𝒏𝟐 ± 𝟐𝒏) + 𝟏

𝒏>𝟏 ∈𝑵

)]] 

 

Then: 

(𝑷{𝟐,𝟑,𝟓,𝟕}) 𝟐  

 [ ⋃ (𝟔(𝟔𝒏𝟐 + 𝟐𝒏) + 𝟏

𝒏>𝟏; (𝒏≠𝟕𝒎+𝟏 ;𝒏 ≠𝟓𝒎−𝟏);𝒏,𝒎∈𝑵 

)] ∪ 

∪ [ ⋃ (𝟔(𝟔𝒏𝟐 − 𝟐𝒏) + 𝟏

𝒏>𝟏; (𝒏≠𝟕𝒎−𝟏 ;𝒏 ≠𝟓𝒎+𝟏);𝒏,𝒎∈𝑵 

)] 
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(𝑷{𝟐,𝟑,𝟓,𝟕})
𝟐
 [[ ⋃ (𝟔𝒏 + 𝟏)

(𝒏≠𝟕𝒎+𝟏 ;𝒏 ≠𝟓𝒎−𝟏);𝒏>𝟏𝟗,𝒎∈𝑵

] ∪ [ ⋃ (𝟔𝒏 − 𝟏)

(𝒏≠𝟕𝒎−𝟏 ;𝒏 ≠𝟓𝒎+𝟏);𝒏>𝟐𝟎 ,𝒎∈𝑵

]] 

 

𝒄𝒂𝒖𝒔𝒆: 

𝒇𝒐𝒓 (𝟔𝒂 + 𝟏)  

𝒂 ≠ 𝟕𝒎 + 𝟏 ; 𝒂 ≠ 𝟓𝒎 − 𝟏 

𝒕𝒉𝒆𝒏:  

𝒂 ∈ [[⋃ (𝟓𝒎 − {𝟐, 𝟑, 𝟒, 𝟓})

𝒎∈𝑵

 ] ∩ [ ⋃ (𝟕𝒎 + {𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕})

𝒎∈𝑵

 ]]  

𝒘𝒆 𝒄𝒉𝒆𝒄𝒌 𝒘𝒉𝒆𝒏:  

(𝟓𝒂 − 𝟏) = (𝟕𝒃 + 𝟏) 

𝟓𝒂 = 𝟕𝒃 + 𝟐 → 𝒂 =
𝟏

𝟓
(𝟕𝒃 + 𝟐) 

𝒎 ≠ 𝟓𝒂(𝟕𝒃 + 𝟐);  𝒂, 𝒃 ∈ 𝑵  

𝟕𝒃 = 𝟓𝒂 − 𝟐 → 𝒃 =
𝟏

𝟕
(𝟓𝒂 − 𝟐) 

𝒎 ≠ 𝟕𝒃(𝟓𝒂 − 𝟐);  𝒂, 𝒃 ∈ 𝑵  

𝒕𝒉𝒆𝒏 𝒂 𝒊𝒔 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟓 𝒐𝒓 𝟕, 𝒃𝒖𝒕 𝒄𝒂𝒏 𝒃𝒆 𝟓 𝒐𝒓 𝟕   

 

𝒇𝒐𝒓 (𝟔𝒂 − 𝟏) 

𝒂 ≠ 𝟕𝒎 − 𝟏 ; 𝒂 ≠ 𝟓𝒎 + 𝟏  

𝒕𝒉𝒆𝒏: 

𝒂 ∈ [[⋃ (𝟓𝒎 + {𝟐, 𝟑, 𝟒, 𝟓})

𝒎∈𝑵

 ] ∪ [⋃ (𝟕𝒎 − {𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕})

𝒎∈𝑵

 ]] 

𝒘𝒆 𝒄𝒉𝒆𝒄𝒌 𝒘𝒉𝒆𝒏:   

(𝟓𝒂 + 𝟏) = (𝟕𝒃 − 𝟏) 

𝟓𝒂 = 𝟕𝒃 − 𝟐 

𝟕𝒃 = 𝟓𝒂 + 𝟐 
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𝒎 ≠ 𝟓𝒂(𝟕𝒃 − 𝟐);  𝒂, 𝒃 ∈ 𝑵  

𝒎 ≠ 𝟕𝒃(𝟓𝒂 + 𝟐);  𝒂, 𝒃 ∈ 𝑵 

𝒕𝒉𝒆𝒏 𝒂 𝒊𝒔 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟓 𝒐𝒓 𝟕 𝒂𝒏𝒅 𝒄𝒂𝒏′𝒕 𝒃𝒆 𝟓 𝒐𝒓 𝟕 

 

𝒕𝒉𝒆𝒏: 

 (𝑷{𝟐,𝟑,𝟓,𝟕})
𝟐

= {𝟔𝒂 + 𝟏} ∪ {𝟔𝒂 − 𝟏}: 

𝒘𝒉𝒆𝒓𝒆: 

𝒂 𝒄𝒂𝒏 𝒃𝒆 𝒅𝒊𝒗𝒊𝒅𝒆𝒅 𝒃𝒚 𝟐 𝒐𝒓 𝟑  

𝒂𝒏𝒅 𝒂𝒕 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒕𝒊𝒎𝒆 𝒊𝒔 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟓 𝒐𝒓 𝟕 

𝒆𝒙𝒄𝒆𝒑𝒕: 

 𝒇𝒐𝒓 𝒇𝒐𝒓𝒎 (𝟔𝒂 + 𝟏),  

𝒂 𝒄𝒂𝒏 𝒃𝒆 𝒂 𝒏𝒖𝒎𝒃𝒆𝒓 𝟓 𝒐𝒓 𝟕,  

𝒃𝒖𝒕 𝒂𝒕 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒕𝒊𝒎𝒆 𝒂 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒍𝒊𝒃𝒍𝒆 𝒃𝒚 𝟐 𝒐𝒓 𝟑   

𝒕𝒉𝒆𝒏: 

(𝑷{𝟐,𝟑,𝟓,𝟕})
𝟐

= [𝟔 × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] 

∪  [𝟔 × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎} 

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏] 

 

𝒂𝒏𝒅 𝒕𝒉𝒆𝒏: 

(𝑷{𝟐,𝟑,𝟓,𝟕})
𝟏 

 [𝟔 × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 

 ∪ [𝟔 × [ ⋃ 𝒑

𝒑∈{𝟓,𝟕}

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏]  ∪ 

∪ [𝟔 × [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 
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∪ [𝟔 × [ ⋃ 𝒑

𝒑∈{𝟓,𝟕}

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 

∪ [𝟔 × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏] ∪ 

∪ [𝟔 × [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏] 

 

 

 

𝑾𝒆 𝒘𝒊𝒍𝒍 𝒄𝒉𝒆𝒄𝒌 𝒘𝒉𝒆𝒏 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓𝒔: 

 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎 

 (𝟔𝒂 +  𝟏) 𝒐𝒓 (𝟔𝒂 –  𝟏) 

 𝒉𝒂𝒔 𝒂 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆𝒊𝒓 𝒔𝒆𝒄𝒐𝒏𝒅 𝒑𝒐𝒘𝒆𝒓: 

 (𝟔𝒂(𝟔𝒂 +  𝟐) +  𝟏) 𝒐𝒓 (𝟔𝒂(𝟔𝒂 −  𝟐) +  𝟏) 

𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆: 

𝒊𝒕 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒂 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓  

𝒇𝒐𝒓 (𝟔𝒂 +  𝟏): 

𝟔𝒂 + 𝟏 ≠ 𝟔𝒏(𝟔𝒏 + 𝟐) + 𝟏 

𝟔𝒂 ≠ 𝟔𝒏(𝟔𝒏 + 𝟐) 

𝒂 ≠ 𝒏(𝟔𝒏 + 𝟐); 

𝒂 ≠ 𝟔𝒏 + 𝟐  

𝒄𝒂𝒖𝒔𝒆: 

𝒇𝒐𝒓 𝒂 ≠ 𝟔𝒏 + 𝟐; 

(𝟔𝒂 + 𝟏) 𝒊𝒔 𝒏𝒐𝒕 𝒂 𝒏𝒖𝒎𝒃𝒆𝒓 (𝟔𝒂 + 𝟏)𝟐 

𝒕𝒉𝒆𝒏:  

𝒇𝒐𝒓 𝒂 ≠ 𝟔𝒏 + 𝟐:   

(𝟔𝒂 + 𝟏) −  𝒊𝒔 𝒂 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓  
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𝒇𝒐𝒓 (𝟔𝒂 –  𝟏) 

𝟔𝒂 − 𝟏 ≠ 𝟔𝒏(𝟔𝒏 − 𝟐) + 𝟏 

𝟔𝒂 ≠ 𝟔(𝟔𝒏𝟐 − 𝟐𝒏) + 𝟐 

𝟑𝒂 ≠ 𝟔(𝟑𝒏𝟐 − 𝒏) + 𝟏   

𝒄𝒂𝒖𝒔𝒆: 

∀𝒂, 𝒏 ∈ 𝑵: 𝟑𝒂 ≠ 𝟔(𝟑𝒏𝟐 − 𝒏) + 𝟏  

𝒕𝒉𝒆𝒏:  

𝒇𝒐𝒓 𝒂𝒏𝒚 𝒂    

(𝟔𝒂 − 𝟏) − 𝒊𝒔 𝒂 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓   

 

 

𝑺𝒖𝒎𝒎𝒂𝒓𝒊𝒛𝒊𝒏𝒈: 

 

𝒂 − 𝒐𝒇 𝑷𝒓𝒊𝒎𝒆 𝑵𝒖𝒎𝒃𝒆𝒓𝒔 𝒊𝒏 𝒇𝒐𝒓𝒎:  

(𝟔𝒂 + 𝟏) 

 𝒂 ≠ 𝟔𝒎 + 𝟐 

𝒘𝒉𝒆𝒏:  𝒂 = 𝟔𝒎 

𝒕𝒉𝒆𝒏: 

𝒂 ∈ [[⋃ 𝟐𝒏

𝒏∈𝑵

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

]]  ∪  

∪  [[ ⋃ 𝒑

𝒑∈{𝟓,𝟕}

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

]] 
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𝒘𝒉𝒆𝒏:    𝒂 = 𝟔𝒎 − 𝟐 = 𝟐(𝟑𝒎 − 𝟏) 

 

𝒄𝒂𝒖𝒔𝒆: 

∀𝒎 ∈ 𝑵: (𝟑𝒎 − 𝟏) − 𝒊𝒔 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑   

𝒂𝒏𝒅  

𝒏𝒖𝒎𝒃𝒆𝒓𝒔 ∶ (𝟑𝒎 − 𝟏) 𝒂𝒏𝒅 (𝟑𝒎 + 𝟏) → 𝟐𝟐𝒏+𝟏 𝒂𝒏𝒅  𝟐𝟐𝒏  

 

𝒕𝒉𝒆𝒏: 

𝒂 ∈ [[ ⋃ 𝟐𝟐𝒏+𝟏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

]]  ∪  

∪  [[ ⋃ 𝒑

𝒑∈{𝟓,𝟕}

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

]]    

 

 

 

𝒂𝒏𝒅: 

𝒂 − 𝒐𝒇 𝑷𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒊𝒏 𝒇𝒐𝒓𝒎:  

(𝟔𝒂 − 𝟏) 

 

𝒂 ∈ [[⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

]]  ∪ 

∪ [[ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

]] 
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𝑷 = {𝟐, 𝟑, 𝟓, 𝟕} ∪ [{𝟔} × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏]  ∪  

∪  [{𝟔 ∗ 𝟓} × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 

∪  [{𝟔 ∗ 𝟕} × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏] ∪ 

∪ [{𝟔} × [ ⋃ 𝟐𝟐𝒏+𝟏

𝒏∈𝑵{𝟎}\{𝟏}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] + 𝟏]  ∪  

∪ [{𝟔} × [⋃ 𝟐𝒏

𝒏∈𝑵

] × [ ⋃ 𝟑𝒏

𝒏∈𝑵{𝟎}

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏]  ∪  

∪ [{𝟔} × [ ⋃ 𝟐𝒏

𝒏∈𝑵{𝟎}

] × [⋃ 𝟑𝒏

𝒏∈𝑵

] × [ ⋃ 𝒑

𝒑∈[(𝑷 ᴜ {𝟏})\{𝟐,𝟑,𝟓,𝟕}]

] × [ ⋃ 𝒒

𝒒∈[𝑸\𝑷]

] − 𝟏]   

 

 

𝒂𝒏𝒅 𝒕𝒉𝒆𝒏: 

 𝒕𝒉𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝒂𝒃𝒐𝒖𝒕 𝑷𝒓𝒊𝒎𝒆 𝑵𝒖𝒎𝒃𝒓𝒆𝒔 𝒊𝒔 𝒑𝒓𝒐𝒗𝒆𝒅  

 

𝒂𝒏𝒅: 

 𝒕𝒉𝒆 𝑻𝒉𝒆𝒐𝒓𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒐𝒇 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔  𝒊𝒔 𝒄𝒐𝒓𝒓𝒆𝒄𝒕 


